J. Fluid Mech. (1992), vol. 240, pp. 571-599 571
Printed in Great Britain

Second-order wave diffraction by a vertical cylinder

By F. P. CHAU' AND R. EATOCK TAYLOR?
! Department of Naval Architecture and Offshore Engineering, University of California,
Berkeley, CA 94720, USA

2 Department of Engineering Science, University of Oxford, Parks Road, Oxford 0X1 3PJ, UK

(Received 16 October 1991)

The main difficulty in second-order diffraction analysis stems from the contribution
of the second-order potential, which obeys an inhomogeneous free-surface boundary
condition. In some applications it is sufficient to know the second-order hydro-
dynamic force, which can be calculated without explicitly evaluating this second-
order potential. This technique cannot however be used for calculating other
quantities such as the hydrodynamic pressure at any point, the sectional force and
bending moment in the cylinder or the free-surface elevation due to the second-order
effects. This paper provides a detailed analysis of the second-order diffraction
problem of a uniform vertical circular cylinder in regular waves. This furnishes
results not only on the cylinder surface, but also on the free surface, and in principle
in the fluid domain surrounding the body. The analysis may help to throw some light
on the physical interpretation of the second-order theory and its mathematical
description. Moreover, this information is intended to complement the development
of general numerical methods for arbitrary bodies.

1. Introduction

Derivation of an analytical solution for the second-order potential due to
diffraction by a vertical circular cylinder is an important step in checking numerical
methods developed for arbitrary bodies. To the authors’ knowledge, however, no
complete solution has so far been obtained. Previous diffraction studies either
assumed an incorrect radiation boundary condition, or failed to satisfy the
inhomogeneous free-surface boundary condition. An expression for the second-order
diffraction force due to regular waves in water of infinite depth has however been
derived, by Lighthill (1979). He obtained an explicit expression for the second-order
force without deriving explicitly the second-order potential ; rather, use was made of
an assisting potential satisfying the homogeneous form of the second-order free-
surface boundary condition. The corresponding analysis in finite water depth was
developed by Molin (1979). Unfortunately, these formulations involved a free-
surface integral which oscillated rapidly and converged slowly. Eatock Taylor &
Hung (1987) subsequently overcame this difficulty by developing a closed-form
expression for the evaluation of this integral in the far field.

An alternative approach to the second-order problem is to employ an integral
equation. Through the application of Green’s theorem and use of a double-frequency
Green function, Garrison (1984) formulated the second-order problem in regular
waves by expressing the velocity potential as a distribution of wave sources and
dipoles over the body surface and the free surface. This formulation is similar to the
method of using an integral equation to solve the first-order problem, with the
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exception of an additional free-surface integral. More recently the integral equation
formulation was re-examined by Kim & Yue (1989) for axisymmetric bodies and by
Chau & Eatock Taylor (1988) for arbitrary bodies. Special attention was given to the
treatment of the troublesome free-surface integral, and different methods of
accelerating its convergence were demonstrated.

Because the calculation of the complete second-order solution is rather
troublesome, various approximations have also been investigated. Thus Newman
(1990) derived a simple approximation to estimate the second-order potential at
large depths of submergence. This is particularly significant in determining the
second-order vertical force on deep-draft bodies, but results have only been obtained
for some simple geometries.

Lighthill’s idea was subsequently extended by Eatock Taylor, Hung & Chau
(1989). By defining the assisting potential in a suitable manner, they showed how the
exact distribution of the second-order potential on the submerged surface of a body
can be calculated without solving the complete second-order problem. The idea has
been applied to a vertical circular cylinder, for which a closed-form expression has
been derived. That formulation, however, can only provide the distribution of the
potential on the body surface. In the present paper we show how one can derive a
closed-form expression which furnishes results not only on the body surface but in
the fluid domain surrounding the body. A method of eigenfunction expansions is
used. The following sections describe the theoretical background and the essential
numerical steps by which this formulation is implemented. Representative second-
order results are also presented.

2. Formulation in cylindrical polar coordinates

We employ a cylindrical polar system of coordinates (7, 8, z), with the origin on the
undisturbed surface and z pointing upwards. Based on the standard Stokes
expansion, we use first- and second-order complex velocity potentials ¢ and ¢®,
with corresponding time harmonic variations exp (—iot) and exp (—2iot). Subscripts
i and s will be used to denote incident and diffracted waves respectively. The problem
for a vertical surface-piercing cylinder (of radius @) in the fluid domain £ (of constant
depth d) may then be formulated as follows:

first-order potential

a2 1) la (1) 1a2 (1) a2 (1) i
L L L ) (2.1)
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o o M= 22)
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E)g: =0 on z=-—d, (2.3)
(1)
%_nggl)zo on z=0, (2.4)
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second-order potential
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6¢‘2) =0 on z=-—d, (2.8)

a¢ —4v¢® =F(r,6) on 2=0. (2.9)

Here v =a?/g, (2.10)

and k is the wavenumber for the first-order problem. The inhomogeneous term F may
be regarded as an effective pressure distribution on the free surface which is given by

ot 2¢O o [ 0?3V az¢(1)]
= o 5 o| T 9% i
Fr, ) 2g ! [ g 0z o T 0z* ] 297" g 0Oz +
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In polar coordinates, the expressions for ¢{V, ¢{®, and ¢ are given by Mei (1983)
as follows:

igA cosh k(z+d)

™= _ o
b o cosh (kd) 2, €m 1™ Jm(kr) cO8 (MI), (2.12)
31A2o' cosh 2k(z+d)
2 — m
# 8  sinh® (kd) mz_:o m 1" Jm (2kr) cOS8 (M), (2.13)
@ — lgA cosh k(z+d) J' (ke

; a)

—_— k 14
* T ¢ cosh (kd) ,,,2_:0 min 7, (a2 (7) 008 (mP), (2.14)
where 4 is the amplitude of the first-order wave; and ¢, =1 for m =0 and

€, = 2 otherwise. J,, and H,, are respectively the Bessel function and Hankel function
of the first kind of order m. The problem then is to determine ¢{».

3. Second-order solution based on Green’s theorem

It can readily be shown that ¢{® may be expressed in terms of various integral
equations, derived from the different forms of Green’s theorem. Based on Green’s
second identity, the integral equation can be interpreted as a representation of the
velocity potential by a mixed distribution of sources and dipoles. If we use the
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double-frequency linear wave source Green function (defined as @) we can express ¢
as a sum of integrals over the body surface, the free surface and an exterior boundary
in the form of a vertical cylinder at large distance from the body. By making use of
the asymptotic expression for ¢ given by Molin (1979), and the method of
stationary phase, it can be shown that the integral over the exterior surface vanishes
at infinity. Thus

¢ =- f dzf “d"( ©7 2 (7,7 + 617, ) n 2 ﬂ)

_Jw TdrrndeF(ﬂ G(7,7), (3.1)

in which 7(r,, 8, 2,) is the coordinate of a representative field point and 7(r, , 2) is the
coordinate of the integration points on the boundary.

There can be a computational advantage in solving an equation such as (3.1) if the
Green function can be modified to satisfy the additional boundary condition

oG

on the body surface. The unknown term in the integrand then vanishes. Such a choice
of Green function, denoted by G, would provide an explicit solution of the potential
in terms of the incident wave and the free-surface integral, i.e.

PB(F) = —J“ dz rnadﬁ Go(Ty, ?)Qg (F)—Jw rdr J% db Gy (7, 7) F (7). (3.3)
—-d 0 a 0

The vertical circular cylinder is one of the few geometries for which G, can be
determined explicitly, by using separation of variables in the cylindrical polar
coordinate system.

4. Construction of the Green function

The Green function G, appropriate to the present problem is the solution of the
boundary-value problem defined by the following equations:

(%%%Qaa;ﬁa?)ab SSr—r) 06 d—z) n 2, (&)
%=0 at r=a, (4.2)

aa—G;b=0 on z=—d, (4.3)

%—41}0’ =0 on 2z=0, (4.4)

lim 7 (a;b—ikab) =0, (4.5)
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where « is the real root of
k tanh (xd) = 4v. (4.6)

As suggested by Chen & Hudspeth (1982), one of the approaches to constructing @,
is to determine its expansion in a series of associated eigenfunctions. The Dirac delta
functions in the #- and z-coordinates are first expanded into complete orthonormal
sets of eigenfunctions in their respective domains, i.e.

8(0—00) = 5= 3 € c05 (m(6—0,), (.7
m=0
Mz—zy) = i Z,(k,20) Z (K, 2), (4.8)
n=0

in which the functions Z(k, z) form an orthonormal set in the interval —d <2< 0
and are defined by

Z,(k,2) =J% cosh (k(z+d)) for n=0

0

= l\% cos (k,(2+d)) for =n>0. (4.9)

n
k,(n > 0) are the positive real roots of
K, tan (x,d) = —4v (4.10)

and the normalizing constants N, are given by
N, = J‘] cosh? (k(z+d))dz
-d

_ sinh (2«d)+2xd _ d(k*—16v°) +4v
B 4k T 2(k2—1612)

for n=0; (4.11)

N, = J“ cos? (k,{z+d))dz
-d

_sin (2, d)+ 2k, d _ —d(k} +160°) + 4v

for n>0. (4.12
4k, —2(x% +161?) )

Substituting the above expressions into (4.1) gives

2 190 10 o
(@*?5*?@*@)%

= %8(1‘—7'0) § i €m Lok 20) Z, (K, 2) cO8 (M(0—6,)). (4.13)

m=0 n=0
A similar expansion is assumed for @, such that
1 o) o0
Gb = _2; 2 Z €mIma(T, 7o) Zn(Kn Zo) Zn(Kn z) cos (m(e_eo)), (4.14)

m=0 n=0

with the r-dependent coefficients g,,,(r, r,) to be determined.
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Substituting (4.14) into (4.1), (4.2) and (4.5) yields

1d{ d m? 1
;a(rd_rgmn)—(xi'i'ﬁ)gmn = ;6(7_70)’ (4.15)
d
- =0, (4.16)
drgmn -
lim ri(ig —ikg ) =0 (4.17)
o dr mn mn .

Equation (4.15) can now be replaced by the following sets of equations:

1d/ d m?
;d—,(ragm)—(K%F)gm =0; (4.18)
Imn(T3:70) = Gmal(r5s 7o) (4.19)
(i.e. the function g,,, is continuous at r = r;);
d d _ 1
agmn(rg’ro)—agmn(rmro) = T_o (4.20)

(i.e. the derivative of g,,, has a discontinuity at r = r,).

These additional end conditions across r=r, have been deduced by first
integrating (4.15) throughout the small interval (r,—e¢,7,+¢), and then considering
the limiting form of the resulting differential equation as ¢ - 0. In order to satisfy the
limiting conditions at the point r = 7,,¢,,, must behave in such a way that dg,../dr
has a jump of magnitude 1/7, as r > 7,.

In order to obtain a convenient reformulation of the problem, two equivalent
boundary-value problems are defined such that, for a given 7y, g,,, is given by gt..
when r < r,, and by g;;, when 7 > r,. These have the following properties:
boundary-value problem I (a < r < 7,)

1d( d | s omd .
rd—r(rEgmn) (Kﬁ: Gmn =0, (4.21)
d I
arfm| =0; (4.22)

boundary-value problem II (r, < r < o0)

1d d m2

;d—r(fag%n)—<xi+7)9¥,{n =0, (4.23)
lim 74 (%g},{n — ixg},{,,) =0; (4.24)
-

and with the matching conditions at r = 7,

ImalTe) = g}r{n(ro)’ (4.25)

d 11 _d I _i
drgmn(ro) drgmn(rO) - r . (426)

0
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By solving the above ordinary differential equations with the prescribed boundary
conditions, one obtains

K Ko (k7o)

gznn = ( ) [Im(Kn r)K;n(Kn a) _—I;n(Kna)Km(Kn T)], (427)
g, = —,%f:—;;[lm(xn o) Ko (K @) — Lo (k1 ) K (K )] (4.28)

Here the prime denotes differentiation with respect to the argument, and I,, and K,
are the modified Bessel functions of the first and second kinds respectively. When
n =0, k, = ix: the corresponding functions of real arguments «r etc. are J,, and H.
Use has here been made of the Wronskian relation

K (@) I () — I ,(z) K/ (x) = i . (4.29)

After substitution of (4.27) and (4.28) into (4.14), the expression for G, may be
written in a compact form as

6y =57 2 3 e 2L 0, ) Ky, ) ~ Loy ) Kl )
Z,(k,24) Z, (K, 2) cOs (m(0—6,)) (4.30)
where r, =max(ry,r), r.=min/(ry,r). (4.31)

5. Expression for the second-order diffracted potential

By substitution of (4.30) for G, into the integral equation (3.3), the second-order
diffracted potential may be recovered as follows:

3000 = 5= | rar [ 068 0.0) £ 3 60 Zylk020)24,0) con (m0=0,)

Kn(ka1s)
K—)[Im(’cnr ) m(K a) Im(K a)Km(K,ﬂ'()]
——Jﬂ dzJ7 adb ¢‘ (a,0,2) § i €m Lo (Kp 20) Z (K, 2) COS (M(0—8,))
BalfaT0) [} (0 0) K 0)— L) K (i 0)] (5.1)

Kp(xya) L

After inserting the Fourier cosine series expressions for F' and ¢{¥, making use of
the Wronskian relation and employing the orthogonality of the eigenfunctions of §
and z, one can reduce (5.1) to

$OF) = 3 { f R rdren Fo(r) S Zalknze) Z2(0)
m=( a n=0
Lk, a)

xK,,,(K,.T>)[1m(Kn rdTg (x, @)

Ko (kp T<)]} cos (mb,)
Ko (K5 7o)

2 Z,(k, %) Z,(0) Zanm

r=q n=0

—z@m

m=0

} cos (mb,). (5.2)
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The following definitions are used:

F(r,0)= 3 €, F,(r) cos mb; (5.3)
m=0
i3d%c .. _
‘Dm = —m(k_d)l Jm(2kr), (54)
, d ,
D =gDnl (5.5)
1

Z )f Z,(k,z) cosh (2k(z+d)) dz
-

7 M cos (k, d

_ 2k sinh (2kd) — 4v cosh (2kd)
B 4k*+ k2 ’

In particular, for r, = a (i.e. on the body surface):

30 == 3 { [ rdren Batn) 3 20y 20 2,000 200
@ K
+enDi| 3 Lyl ) Za0) H—;f:"&—jl—)} cos (mBy). (5.7)

It may be observed that, apart for the notation used for F,(r), the above result is
identical to that obtained in a completely different manner by Eatock Taylor ef al.
(1989).

The hydrodynamic force, P, in the direction of the waves due to the second-order
diffracted potential can then be evaluated as follows:

P= —2io‘pJ‘0 dzf adf P (a) cos 6,
—d 0

= —2iopan f] dz g3, (5.8)
-d

where ¢, is the component of ¢ that is proportional to cosf, in (5.7), and p is the
fluid density. After substitution of the corresponding expression for ¢, this gives

P = digpn i ﬂ—(fn rdr Fy(r) K, (x, r)Jn dz2Z,(x, z))
-d

m=0 KnKll(Kn a) a

+4diacpnD]

3 2,002 Mf d2Z,(x, 2)
—-d

3
r=a n=0 "KnKi(Kna)

0 1 d o0
_ diopn 3, cos k, d sin «,, f

a

i cos (k,d) sin (k,d)Z,, K,(x, a)

+4diaopnD)] . .
! r=a n=0 Nﬂ KEL Kl(Kﬂ a)

(5.9)

This is identical to the corresponding expression for wave force given by Eatock
Taylor & Hung (1987).

In view of the controversy that has surrounded earlier attempts to solve the
second-order diffraction problem, it is appropriate to examine the solution given in
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(5.2) in the context of previous deficiencies. The crucial limitation of most solutions
published hitherto is that they do not appear to satisfy the inhomogeneous free-
surface boundary condition (2.9) which characterizes the second-order problem. We
need to show that the expression for ¢{* introduced in (5.2) does satisfy (2.9) in a
limiting sense. Suppose we define the function

Y(z) = a¢ —4vg®. (5.10)

It seems that the expression for ¢ given in (5.2) contradicts the inhomogeneous
free-surface boundary condition (2.9), because it would appear that Y(0) = 0. The
contradiction can be explained, however, by the fact that the series representation
of Y(z) is not a continuous function of z at z = 0. The series solution given in (5.2) does
not yield a uniformly convergent result for Y(z) as z approaches zero: but the series
representation of Y(z) does approach F(r,6). Thus by means of arguments such as
given by Friedman (1956), expression (5.2) can indeed be shown to satisfy the
inhomogeneous free-surface boundary condition. Details are provided in Appendix
A.

6. Numerical implementation

The second-order diffracted potential can be evaluated explicitly from expression
(5.2). It is clear, however, that owing to the complexity of the infinite radial line
integrals associated with the inhomogeneous free-surface boundary condition,
special numerical procedures have to be used. These are summarized here, with
further details given in Appendices B and C.

The starting point for the integration is use of a Gaussian 3-point adaptive
technique. In order to speed up convergence, however, numerical quadrature is only
employed up to a finite range and this is complemented by an analytical integration
to infinity. The infinite integral can be evaluated by substituting Hankel’s
asymptotic expansions in the integrand, whose typical terms are then triple products
of Bessel and Hankel functions. Eventually, the integrand can be represented by
summations of polynomials of various orders. Integration of each term of the
polynomial satisfies a simple recurrence relationship from which its value can be
eagily calculated.

We first rewrite the inhomogeneous term in the second-order free-surface boundary
condition (2.11), using the linearized free-surface boundary condition (2.4) and the
following relationship (which in the case of a vertical circular cylinder holds for all
z):

2
aa¢ k2¢(1> (6.1)
We thus obtain

F(r,0)= —k2(3 tanh? (kd)— 1) [pL @D + 2D dM]

IR

o406 1090040
+2( or or +r"’ a0 o6 ]| (6.2)
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¢ and ¢V are given by (2.12) and (2.14) respectively, but they can be expressed
more conveniently by

¢M(r,0,2) Z T, (r, z)ei™f (6.3)

M(r,8,2) = X S,(r,z)e™. (6.4)

—igA cosh (k(z+d))
20 cosh (kd)

(where * denotes complex conjugate); and
ig4 cosh (k(z+d)) J3,(ka)
o  cosh (kd) H,,(ka)

Examination of (6.2) reveals that its typical elements contain quadratic products
of the linearized velocity potentials and their derivatives: they are of the form

40 = B T,er 3 S,e. (67

p=—c0 g=—
In order to identify harmonics in 6, the double summation in the above expression
is rearranged to give

> T,e'? 3 §,etf= 3 {Z Tp_qu}e“"’ (6.8)

p=—o g=-o p=—00 \g=—c0

and similarly for other components. With this rearrangement, (6.2) now becomes

Here T.(r,2) = i™{H,,(kr)+ H¥(kr)} (6.5)

8, (r,2) = H, (kr). (6.6)

F(r,0)= % Fy(r)e'® (6.9)
Pr—00
with Fy(r) = F_,(r); (6.10)
and Fy(r) = 2 { gk2(3 tanh? (kd)—1)(S,_, S, +2T,_,S,]
io| O ) q(p—q)
+?[$Sp—qgsq— 2 Sp—qu
G 0o 4glp—9q) )]}
+2( Tpq=Sy— T_8 . (6.11
or P43y ) r=a®af|f )

Returning now to the explicit expression for ¢{2 given in (5.2), we rewrite the free-
surface integral, denoted here by I, in terms of two line integrals such that

In this Ie=Tpt1p (6.12)

In=3 {i Zo(n 20) Zn(0) K (i o)

m=0 \n=0

I (k,a)

X fsrdrFm(r) [Im(x,, r)—K’f'(—K"a)Km(Kﬂ r)]} €, €08 (mb,), (6.13)

Ie=3 {f: Zn(Kn 20) Z(0) [I,n(x,, ro)—ima®) g (o n)]

m=0 \n=0 K, (x,a)

X Jm rdrF,(r) K, (x, r)} €, €08 (mb,). (6.14)

Ts
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As discussed below, r, is chosen such that quadrature is only required over a finite
range ([z), but complemented by an explicit integration to infinity (/).

Prior to deriving the aforementioned analytical expression for I;: one can further
simplify the integrand by neglecting the contributions due to the evanescent modes
(n > 0) and those due to the circumferential derivatives in F,(r) at large values of .
Appendix B shows how the resulting integral can be transformed, using integration
by parts, so that the only remaining integral (denoted by Ir_) no longer involves
radial derivatives. It may be expressed as

Ip = (3 tanh?® (kd)+k2—x2)f rdr Y [Sp_gSe+2T, S H,(kr). (6.15)

g=-o

Each term of the series involves two parts, which are of the form

I = f rdr H,(kr)H,,(kr)H,(k7); (6.16)
and I = f rdr H*(kr) H,,(kr) H,,(xr) (6.17)

respectively. The remaining task, also described in Appendix B, is to develop efficient
algorithms for the explicit evaluation of the above integrals, whose integrands
contain triple products of Hankel functions. This is achieved by use of Hankel’s
asymptotic expansions. The simplest approach would be to use the leading-order
terms of the asymptotic expansions, substituting these into (6.16) and (6.17). The
infinite integrals would follow in the form of Fresnel integrals and could be evaluated
explicitly. In this approach, however, the chosen value of r; would have to be very
large (especially for large m), if the leading-order approximation were to yield
sufficient accuracy for r greater than r,. For smaller rg, the leading-order terms are
not sufficiently accurate by themselves. They can however be amended by residual
corrections, which are based on subsequent terms of the asymptotic power series (cf.
(B 6) and (B 7) in Appendix B). In this manner, more refined approximations for the
integrands can be obtained.

It may be observed that the leading asymptotic in these series does not depend on
the order m ; the coefficients of the full asymptotic expansions do however involve m:
equations (B 6) and (B 7) are not uniform with respect to m. For a given value of the
argument x there exists an optimal term at which truncation of the asymptotic series
yields the maximal accuracy and the function is approximated to an error within the
size of this term (see Bender & Orszag 1978 for example). The accuracy cannot be
improved by merely taking more terms in the partial sums, but only by increasing
the value of z. Moreover, the smallest value of x at which the approximation is
accurate increases with the value of m. Thus for the purpose of calculating I_, one
has to use different values of r, for different values of m.

In the analysis performed here, an adaptive procedure has been adopted. This
enables one to overcome the apparently limited accuracy associated with the optimal
truncation for given r,, and provides any degree of accuracy as long as a sufficient
number of terms of the series is used. This is because the larger 7, is, the more
accurate the asymptotic series can be, because the size of the optimal truncation
term is smaller. The exact location of the optimal term is not critical and the choice
of 7, is made adaptively. The infinite line integral is therefore now written

fw = f+f . (6.18)
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The first integral on the right is computed numerically (say with the Gaussian 3-
points adaptive technique) by using the exact representation for the Hankel
functions; while the second integral is evaluated explicitly after substituting the
Hanke!l asymptotic expansion. The integration limit of the finite integral is then
progressively increased and the new value can be added to the integration from r, to

re such that
J =fs+J . (6.19)
rsl fsl Ts2

The last integral of the asymptotic series is re-evaluated each time. This procedure
is then repeated until convergence is obtained by comparing the values of several
successive approximations. A similar idea has been used by Eatock Taylor & Hung
(1987) except that in their analysis, only the leading asymptotic term was retained.

The effectiveness of using terms beyond the leading asymptotic term may be
demonstrated by some calculated results for the effective pressure on the free surface.
In figure 1, the exact expression for the pressure term given in (6.11) is plotted
against the radial distance, and compared with the results approximated by the
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Asymptotic expansion

(@ ¢+ m =n of integral Gaussian quadrature
1 2 3 (0.001 886, 0.003742) (0.001886, 0.003742)
5 3 6 (—0.006758, 0.002120) (—0.006758, 0.002120)
9 9 12 (—0.011812, —0.034072) (—0.011812, —0.034072)
11 11 14 (0.109891, 0.000471) (0.109891, 0.000471)
14 9 17 (—0.361132, 0.022987) (—0.361132, 0.022987)
12 12 15 (—0.040433, —0.246565) (0.040433, —0.246565)
13 13 17 (—0.240852, 0.712168) (—0.240853, 0.712166)
Agymptotic expansion
b ¢ m =n of integral Gaussian quadrature
1 2 3 (-0.030152), —0.020504) (—0.030152, —0.020504)
5 3 6 (—0.038240, 0.000367) (—0.038240, 0.000367)
9 9 12 (0.029192, —0.064118) (0.029192, —0.064118)
11 11 14 (—0.115777, 0.086181) (—0.115777, 0.086181)
4 9 17 (0.366716, —0.028274) (0.366716, —0.028274)
12 12 15 (0.110646, 0.261059) (0.110646, 0.261059)
13 13 17 (0.201465, —0.757932) (0.201465, —0.757929)

TaBLE 1. Numerical verification of the asymptotic expansions of the integrals: () expression
(6.16); (b) expression (6.17)

leading asymptotic and the asymptotic form truncated at the term M, (defined in
equation (B 8)). F,, is the mth Fourier harmonic of the free-surface effective pressure
F(r,6). Here real and imaginary components of F,, (r) for m = 0 and m = 4 are plotted
against r for a uniform vertical cylinder (radius = a) at ka = 1, in water of depth 3a.
It is clearly seen that the accuracy and the range of validity of the asymptotic
approximation are drastically improved by including more than just the leading
term in the asymptotic series. One can also observe from figure 1 that even with a
small number of terms, the asymptotic series is dependable for relatively small values
of r/a.

These techniques have led to an effective method for evaluating the integrals in
(6.16) and (6.17). Table 1 provides some illustrative results for the case ka = 1, d/a
= 3, obtained over the finite interval [10a, 11a] for an increasing series of values of
t,m,n (the orders of the three Hankel functions in the integrand). Tables 1(a) and
1 (b) relate to equations (6.16) and (6.17) respectively. The results are compared with
those obtained by Gaussian quadrature (relative error 107%) of the exact
representation of the Hankel functions. It is seen that discrepancies only occur at the
sixth decimal place (at the bottom of the table). In comparison with a similar table
given by Kim & Yue (1989), the present method introduces less error at the higher
orders. (In their approach, Chebyshev polynomials were used to represent the
Hankel functions while the resulting infinite integrals were expressed in terms of
Fresnel integrals.)

To give an indication of the convergence of the procedure, calculations of I._ are
presented here for a uniform vertical cylinder for three Fourier modes (m = 0, 5 and
10). In this and subsequent analyses, the radius a of the cylinder is taken to be equal
to the water depth d, and £a = 1. The results are given in table 2. Here r, is chosen
to be 2d and the step length As is given by

As =14 41— 15 ;= 21/ (2k+ k). (6.20)
From the results presented, it is clear that the rate of convergence of the integral I,
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I,
No. of
steps m=0 m=>5 m =10

1 (1.03647 x 1073 (5.76233 x 10® (—1.55479 x 10*

—1.80242 x 1073) 2.34660 x 10%) —1.81532 x 10%)
2 (1.03493 x 1078 (—0.97623 (—1.79377 x 10°
—1.80312 x 1073) —9.05625) 1.56574 x 10°)
3 (1.03507 x 1072 (5.98646x 1074 (7.45227 x 10°

—1.80310 x 107%) —5.83335x107%) 1.68548 x 10?)

4 (1.03500x 1073 (5.98550 x 10™* (—7.99964 x 1072
—1.80316 x 1073) —5.83763 x107%) —1.86592x 1071)

5 - (5.98513x 1074 (—1.23421x 107
—5.83722 x 107%) —1.58235 x 107%)

6 — (5.98530x 10~ (—1.24694 x 1078
—5.83731 x 1074) —1.58492 x 107%)

7 (—1.24614 x 107°
—1.58490 x 107%)

8 (—1.24593 x 107®
—1.58505 x 107%)

9 (—1.24595%x 107°

—1.58526 x 10°%)

TasLE 2. Convergence of I, when adaptive integration is used in conjunction with the
asymptotic approximation (real part and imaginary part)

is very satisfactory. The corresponding integrals which are defined over the finite
intervals may be evaluated very accurately by means of the Gaussian 3-points
adaptive method. The algorithm is based on successive subdivision of each
integration range into finer intervals in such a way that all integration points of the
coarse interval are contained in the finer interval. Values of the integrand computed
at each step of the calculation are then used in subsequent steps.

There remains just one aspect which requires careful attention. This concerns the
occurrence of a weak singularity at the free surface, which would be expected to lead
to slow convergence (i.e. a large number of integration points) when the field points
are in the vicinity of the free surface. The nature of the singularity is established in
Appendix C and it is shown how convergence of the numerical integration can be
improved by subtracting out the singularity.

7. Numerical results and discussion

The availability of the closed-form expression for the second-order solution for a
vertical cylinder furnishes a source of validation for the general numerical methods
which are being developed for bodies of arbitrary geometry. Results obtained for this
simplest three-dimensional body can also provide valuable physical insight, and
enhance the understanding of nonlinear wave effects on more realistic structures in
the ocean.

Although reliable results for the second-order potential and the related physical
quantities are extremely scarce, it is possible to validate the present formulation by
comparing results with those from a numerical method described by Kim & Yue
(1989). Only terms due to the contribution of the second-order diffraction potential
have been chosen for comparison, since the calculation of other terms is trivial for the
case of a circular cylinder. Figures 2 (@) and 2 (b) show the pressure distributions down
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Ficure 3. Dimensionless wave elevation around the circumference of a vertical cylinder (d/a = 1,
va = 2): oo, [V ——, 705 ——, @l —, [P]; O, | (Kim & Yue 1989).

the generators corresponding to # = 0° (downwave) and 180° (upwave) respectively.
For illustration, the first-order quantities and components of the second-order
quantities derived from the analytical solution are also plotted in the figures. The
notation, also used by Kim & Yue (1989), is as follows: p* is the first-order pressure;
P*? is the mean second-order pressure (which is real and negative); p{® is the second-
order oscillatory pressure contributed by quadratic products of first-order quantities;
and p{? is the second-order oscillatory potential due to ¢®. The cylinder is of radius
a, in water of depth a, and va = 2. In order to facilitate comparisons, the first- and
second-order quantities are non-dimensionalized by pg4 and pgA?/a respectively (4
being the wave amplitude). In figure 2 one observes a close agreement between the
two sets of results for p’. Moreover, it can be seen that p{® is in fact larger than the
other second-order quantities. Hence for estimation of second-order wave forces
under these particular conditions, it would seem essential to include the contribution
of p® in the analysis of the second-order oscillatory force.

Components of the wave elevation runup as a function of the azimuthal angle are
plotted in figure 3, where the first-order and second-order quantities are non-
dimensionalized by 4 and 4%/a respectively. The notation is similar to that used for
the components of pressure. It is again observed that good agreement is obtained
between the present results and those due to Kim & Yue. Moreover, the magnitude
of the runup contributed by the second-order potential is also comparable with the
other second-order quantities, and it shows larger variations along the waterline,
especially between @ = 0° and 6 = 90° (i.e. on the lee side).

In order to demonstrate the relative importance of the first- and second-order
quantities, it is useful at this stage to provide a practical example demonstrating the
significance of the second-order effects as the wave steepness ¢ increases. We consider
a vertical cylinder of radius 12.5 m, which is typical of a column of a tension leg
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FiURE 5. Components of wave elevation around the circumference of a vertical cylinder of radius
125 m in a wave a 10s in water of depth 100 m: --A--, g, € = 0.05; --O--, y*], ¢ = 0.10;
—A—, 1P, e =0.05; —O—, 7], € = 0.10.
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platform. For such a cylinder standing in water of depth 100 m and subjected to a
10 s wave, the vertical distributions of the magnitudes of the first-order pressure |p"|
and the second-order pressure due to the second potential [p{®|, along the upwave
side of the cylinder, are shown in figure 4. Results corresponding to two different
wave steepnesses, ¢ = 0.05 and a fairly steep wave ¢ = 0.1, are superimposed on the
same diagram. (Here ¢ is defined as the wave height divided by the wave length.)
These results show the importance of the second-order effect in the steeper wave.
Similar results for the runup are given in figure 5. They also make the obvious point
that despite being only a correction term, the second-order effects which are
proportional to the square of the wave elevation become progressively more
important in higher sea states. In an irregular sea state, moreover, the incident wave
system consists of a continuous spectrum of frequency components (e.g. described by
the JONSWAP spectrum). In the frequency band well above the peak frequency of
the spectrum, the contribution of the second-order component may be substantially
higher than that due to the first-order component. This is because the pair of primary
wave frequencies associated with the second-order quantities may lie in a frequency
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band near the peak frequency ; whereas the first-order component being well above
the peak frequency, the energy in the incident wave is hardly significant.

Useful qualitative information about the second-order behaviour can also be
obtained through isometric plots of the instantaneous second-order free-surface
profiles. Such plots are shown in figure 6 for the same cylinder (d/a = 1) used in the
analysis leading to figures 2 and 3. The wave amplitude is one tenth of the radius and
the axes of the isometrics are non-dimensionalized by the radius. The results are
presented at intervals of one tenth of the wave period T for the case ka = 1.4. This
interval corresponds to one fifth of the period of oscillation of the second-order
quantities. The time is taken as zero when the crest of the incident wave has reached
one quarter of a wavelength beyond the origin of spatial coordinates. The appearance
of series of short curved waves at the downwave side of the cylinder is particularly
noticeable.

Several interesting features are revealed by the second-order results, and among
them the vertical variation of the potential on the body surface has particular
physical importance. Because details concerning this behaviour have been discussed
extensively in Eatock Taylor et al. (1989), only a summary is given here.

(a) The magnitude of the order diffracted potential decays slowly and may even
increase with water depth. This implies that the resulting hydrodynamic pressure
can penetrate deeper into the water column than the linear wave-induced pressure.
It is indicative of the slow convergence of the corresponding second-order wave force
with increase of water depth.

(b) The rate of decay with depth of the magnitude of the second-order diffracted
potential down the upwave side of the cylinder is found to be less rapid than on the
downwave side. This phenomenon seems to be consistent with the behaviour of the
second-order diffracted potential in the far field. It is therefore reasonable to assume
that a connection exists between the far-field behaviour of the free-surface boundary
condition and the near-field solution (as has recently been demonstrated by Newman
1990).

(c) Owing to the significant influence of the second-order incident potential, the
behaviour of the second-order diffracted potential in shallow water is substantially
different from that in deep water. Moreover, the depth-dependence is much less
pronounced at higher frequencies.

(d) Compared with the first-order potential, it has been found that the second-
order potential varies rapidly in the azimuthal direction near the free surface. At
greater depths, however, the azimuthal variation becomes more gradual, and similar
to that of the first-order potential.

Finally we note that the results obtained by Kim & Yue (1989), using a numerical
method developed for axisymmetric bodies, are in good agreement with the
analytical solution presented here. This analytical solution has also been used to
validate a numerical procedure for second-order diffraction by arbitrary three-
dimensional bodies, as described by Chau (1989).

This work was supported by the Croucher Foundation (Hong Kong) and by the
joint SERC-industry managed programme on Floating Production Systems through
the Marine Technology Directorate Ltd.
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Appendix A. Discussion of the free-surface boundary condition

On substituting the expression for Z,(x,2) and Z,, from (4.9) and (5.6)
respectively, and denoting

I'(k,a
W) = I 1)~ 2 07 A
one can rewrite (5.2) as
EDY P (79, 2) cOS (mb), (A2)
m=0

where

D (ro,20) = €m Z 4k, cos (K, d) cos (k,(z,+d))

n=0 sin (2«,d)+2«,d
Z 4k, cos (k, d) cos (k,(2,+d))
r—c n=0 sin (2, d)+2«,d
[(210 sinh (2kd)—4v cosh (2kd)) K, (x,7)
4k + k2 k. K, (k,a)]

J rdrF, (r)K, (k7. ) W,(k,7o)

’
_emDm

(A3)

Division of the above integral into two, i.e. from a to r, and from r, to infinity,
gives

Jw rd'rFm(r)Km(K,, T>) Wm(KnT<)

=K, (k7o) f rdr F (r) W, (k, 7) + W (K, 7o) r rdrF, (N K (k,7). (A4)

Ty

By use of Bessel’s equation, there follows

1d d m?

W, (k,7) = (7(_17 5 2 )W (Kp 1), (A 5)
1d d m?

K, (k,r) = (rdr Ep _r'z“)Km(Knr)‘ (A 6)

Substituting the above expressions into (A 4), and integrating by parts twice, one
obtains

f wrdrFm(r)Km(K,. 7o) Wk, 7o)

a

= EnlonTo) (B ) iy Wi 1) = Fonlr) Wl R

K r=a
W, , , a0
+ Mmlat ), Koo r) = Fonlr) PR o V25
n
Kalkaro) [ 1d d4_m
+ P ) rdr W, (,7) rdrrdr - F,.(r)

T R LA LA} (A7)
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Inserting the lower and upper limits into the terms in the square brackets, and
making use of the relationships

Wi(k,a) =0, (A8)
—1
T AT .
. / 1
Km(KnTO) Wm(Kn TO)—Wm(Kn TO)Km(KnTO) = KT ’ (A 10)
n'0

one can now write (A 7) in the form

F(@) Ko (K 7o)

Kn Kok, a)

f‘n rdrF (n K, (k7 ) W (k1) = K%[Fm(ro)_

a

r

+Jwrder(K,,r>)Wm(/cnr<)(%%r%—m2) m(r)]. (A11)

Consequently, if similar procedures are applied repeatedly to the integral on the right
of (A 11), one obtains

Jm TdTFm(T)Km(Kn ry) Wm(Kn T<)

a

F;n(a)Km(Kn TO)
K

1
= K_z[Fm(To) -

n

+ higher order terms in i] (A 12)

n m(Kn a) Kn

Substituting (A 12) into (A 3) yields

Belmlro: %) = m Eo L(8in (2, d)+2x, d)

S 4 cos (k,d) cos (k, (z0+d))[F ( )_F;,,(a)Km(xnro)
N Kk Knlkaa)

, 2k sinh (2kd)— 4v cosh (2kd)\ K, (k,7,) . 1
—k2D m\KnTo 1
Knlp, r_a( 4k k2 K (k, a)+h1gher order terms in |
(A 13)
Now
a¢(z)
— 4y @
0Oz, Y s m
— o 3 (=408 (k,d)sin (k,(2+d)) 16w cos (k, d) cos (K,(2,+d))
=€, Eo( sin (2«,d)+2«, d K,(sin (2«,d)+2«, d) x[...], (A14)

where [...] denotes the terms inside the square bracket of (A 13). By use of
4v cos (k,d) = —«, sin («, d) (A 15)
(A 14) may then be reduced to

[ S 4sin (—k, 7))

— 4B =
Gzo Vhem = Em Eo sin (2«, d)+2«, d

[...]. (A 16)
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For large values of 7, k,d —nm; from this and the asymptotic expression for the
Bessel function K,,, the terms inside the square bracket are found to have the form

d i _
{2 (00

x{F,,(a)+ D, (2k sinh (2kd) —4v cosh (2kd))}

r=a

+ higher order terms in (%)] ~ F,.(r,) for large n. (A 17)

Substitution into (A 16) yields

AP, D 4sin (—k,2,) S 4sin (—nmz,/d)
—dyg® = nfo) i b L TR
Ton, W= e X e D20, a1 enFulre) B ——5 =,
(A 18)
where N is sufficiently large. Hence
. [0 2 & sin (—nmzy/d)
lim{=2em_ g4, L _2. p Sin (—7nnzy/a) {
zi_rf(l){ azo V¢S,m} nem m(TO) "gN n (A 9)
Since z, < 0, it is clear that 0 < (—nz,/d) < 2n. Hence from Jolley (1961)
lim 3 ST/ D) s e sd) = 1 (A 20)
240 n=N 2y—>0
Substituting (A 20) into (A 19), one obtains
3@ 2
1 _rs,m__ (2) — F L
"f;{ —— Vs, } 7 Em Em(ro)2m
=€, Fp (1), (A 21)
. [og @
or lim ?—41/5155 Z € Fip(70) cOS (mB,)
2g—>0 0 m=0
= F(ry, ;). (A 22)

This demonstrates that the inhomogeneous free-surface boundary condition is in fact
satisfied by the solution of ¢{? given in (5.2).

Appendix B. Evaluation of the infinite integral
The infinite integral on the right-hand side of (6.14) can be written as

. i J.(ka)
— L ——m\ "7
Ipe = Ini Z(k2,) Z,(0) mZ_O € COS (mb,) [J,,,(m‘o) H;,,(Ka)H"'(K%)]
x J rdr 3 {%1&(3 tanh? (kd)— 1) [S,,_o Sy + 2T, S,]
Ts g=—
io 6 0 0
+ g[ m-a3, =8, +2 T a3, ]}Hm(m-). B1)

In this form, contributions from the evanescent modes and the circumferential
derivatives at large values of r have been neglected. Integrating by parts three times
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and using the Bessel differential equation, one can show that the integral terms
containing the r-derivatives may be replaced by new integrals which are free from
derivatives, plus some residual terms evaluated at »,. This has been found
advantageous for the purpose of numerical implementation. The resulting expression
for Ip: can then be written as

—Tno & I (ka)
I = ?Zo(mo) Z,(0) Eo €m COS (MB,) [Jm(KTO)—H, x )H (Kro)] Ip,

+22 Zy(K2e) Zo(0) T €, cO8 (meo)[J (kry)—2mED gy ro)]

49 m=0 H;, (ka)

s 0 a 0
xq_}_;wrs{[sm_qy n S+ SoHp =S sm_qsqaﬂm]
0 6 0

+2| Ty H 5 Sq 8o Hn s Ty T oSy 3 H || (B 2)

where

0 [+o}
Ip_= (3 tanh? (kd)+k2—xz)f rdr ¥ [Sp-gS,+2T, S H,(kr). (B3)
g=—0o0
To evaluate the resulting integrals which involve triple products of Hankel

functions, Hankel’s asymptotic expansions seem to be the most convenient starting
point. As defined by Abramowitz & Stegun (1972)

H,(x) = (%)n [P (%) +iQ,, ()] ' 7m), (B4)
where Vm = ¥MT+37, (B 5)
s (=1)'TE+m+2)
Ful@) = z‘, @) TR +m—21) 2z)*’ (B 6)
© —1) I3
Quia) = 3 D L+ m+2) B7)

S+ (=4 m—20) (22)2

For the purpose of calculating the integral from , to infinity, the asymptotic series
E,(x) and @,,(x) must first be truncated at some finite number of terms. It is known
that whenever ¢ > }m, the remainder after ¢ terms in the expansion of P,(x) will not
exceed the (t+1)th term in absolute value. Similar considerations hold for @, (z). A
simple rule for obtaining a good estimate can therefore be achieved by truncating
P, (x) and Q,,(x) at

(=M, =3m+2. (B 8)
The various terms in the asymptotic series may now be obtained as follows. We use
(B 2) in the form

Hy(kr) = (2-) r-mm 32 0, k) (B 9)

m nkr S ™

where Cro=1 (B 10)
_i4me—1) (4m?—3)... (4m? — (2 —1)?)

m g ’

(B 11)
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A recursive relationship for C,,, can readily be derived and given as
o _i(4m®—(2e4+1)%)
m, i+l T 8(L+ 1) me

Integral (6.16), which is based on the first part of the integrand in (B 3), may now
be written as a triple sum

(B 12)

0 =Dl 3 0Oy ok 40 [ ar e (B 13)
where DY = n—2k(n2—x)%e'i“’t+"'m+7"). (B 14)
Similarly (6.17) becomes
I®, =D2&, pi:],s (—1)?C,,C,, Cpo kPP k78 f: drﬂjgﬁﬁ, (B 15)
where D® = %(%)% e vt Ymtya), (B 16)
The integrals in (B 13) and (B 15) are of the form
a,= [0S (B 17)

Ts

with & = 2k+« or a = k. They can now be evaluated by the method of asymptotic

expansion of integrals. Integration by parts is employed to derive the recurrence
formula 1

] plarg 1

A, =By (B 18)

1 .
Toartt e

which readily leads to the power series

Y s LU T i
__E =) (ap it oV (B 19)
The truncation error E, is given as
n+N— L1 1 00 eler
B = ( (n—‘%) '2) (ia)N J‘r rrn+N+%' (B 20)
One therefore has s
(n+N-4H! 1 [® 1
< i L
o n—5%! (a)¥), dr PN+

3
= L . (B 21)

From this it may be concluded that the truncation error always has the same order
of magnitude as the last remaining term in the series (B 19). With this in mind, one
can formulate a simple rule for obtaining good numerical results by considering the
ratio of the (N+ 1)th term in (B 19) to the Nth term, i.e.

(N+1)thterm| n+N—3
Nthterm |  ar,

(B 22)
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The successive terms decrease steadily in magnitude as long as n+N—3 < ar,, but
increase unboundedly in magnitude with increasing N. The best estimate would then
be obtained by choosing N as

N = greatest integer less than [ar,—n]. (B 23)

Appendix C. The nature of the singularity at the free surface

The following discussion is based on some ideas presented by Fenton (1978). We
note first, by examination of the integrand in the expression (5.2) for ¢{®, that all
terms associated with n =0 are finite. This is not the case however for the
corresponding terms with » > 0. To see this, let

I (k,a)
Lmn,,>0 = Zn(Kn zo) Zn(O)Km(Kn LB )[Im(Kn T<) _*"Km("n < )] . (C 1)

m(Kn @)
Substitution of the expression for Z, (x,z) given in (4.9), gives

I =25+ 1607
™z T —d(k% + 16v%)+ 4y

cos (k,(2,+d)) cos (x,d)

I.(k,a
XKm(KnT>)|:Im(Kn T<)_1{;n((Tna))Km(Kn r<):|- (C 2)
For large n, one can show that
nn 1

Hence it can be deduced that

—2(x5+160%) 2 1
—d(K2+16A)+4v  d ) €4
and cos (k,(2,+d)) cos («,d) = cos n{Rzy/d). (C5)

Recalling the asymptotic expansions for I, and K, given in Abramowitz & Stegun
(1972), i.e.

eI

1, (x) = ; for large z, (C9)
{2mx)?
K, (x) = (n/2z)te™* for large z, (C7)
one sees that the products of the Bessel functions behave as
I.(x,a
Km(Kn T>) [Im(Kn T<) _.WK’:LG%KM(K" T<):|

d 1 _ B
z%(r> r()%[exp[ ;m (T>—T<)]+exp[ ;m (r>+r<—2a)]]_
(€8)

Defining the asymptotic form of L,,, as n—0o by L% . one has therefore

1 d 1 —
L, ~ ECOS [n(:zo/ ) s )%[cxp [ ;m (7o —r<)]+exp [—de (rs+7. —2a)]].

>'< (Cg)
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Hence
2 L z 2 ex p[( )(r>—r<)]w
n=1 ( ) n=1 n
1 1
+1 1 5 exp[( )(r +r_—2a )]MM. (C 10)
n (T> r ) n=1 n
The infinite sums can be obtained from Jolley (1961), leading to
-1 1 ] —2n
EIL R o o ———1n [1—2 exp[ 7 (rs r<)] cos (nzo/d)+exp[ 7 (r>—r<)]]
——l—l—ln[l 2 ex n(r +7.—2a)| cos (nz,/d) +ex (r +r.—2a )]]
n (7‘> T<)’15 P Te™ 0 P < .
(C 11)
Except for the case 7, = a, it is the first term which contributes as z, >0, r > r,. For
To=0a
2 Ly, ~— 1 ——1— In [1 —2exp [—_1: (r—a)] cos (nz,/d)+ exp [—21[ (r—a)]].
n=1 (m)’ d d
(C12)

One now expands the exponential function and cosine function in powers of their
arguments in (C 11) and (C 12), which as r, >7_, 2,0, gives for r, + a

0 _1 1 2
2 Ltnn ~ o (—;T—)ln [22 (2 +(T -r ) )], (C 13)
= S oL 1 [":_2 24 (p 2]
forr,=a Elen~ - (m)%ln P (22+ (r—a)?)|. (C14)

The resulting expressions show the logarithmic nature of the singularity, and hence
the infinite series (for n) in the integrand of (5.2) does not converge at some points.

The efficiency of the numerical integration can, however, be improved by
subtracting out the singularities. To illustrate this, let us consider the simplest case
with , = a and z, = 0, and write

f’rdrF,,.m S Ly = f “rdrFy(r) S Lom—Li)+ f’rdrme > L,

n=1 n=1 n=1

(C 15)

The contribution for r > 7, is evaluated using (B 2). Substituting (C 14) into the last
integral, one obtains

vardrFm(r) § L.
=vardrFm(r)§{Lm,,—L;,,,}—%f rarEy () 1) lnl:;:(r a)] (C 16)

The first integral in the above expression is non-singular and can therefore be
evaluated using Gaussian quadrature as before. The second integral, however, has a
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logarithmic singularity and may be evaluated by a special numerical scheme with
In (§) weighting coefficients.

An alternative method of performing the second integral in (C 186) is also possible,
which relies on a nonlinear transformation whose Jacobian smoothes out the
singularity (Telles 1987). One rewrites the second integral in (C 16) as

1= fsder(r) In [g (r—a)], (C17)

where P,(r)= :n—2(r/a)%Fm(r). (C 18)

By means of the linear transformation
r=13rs—a)E+3(rs+a), (C19)
the integral can be written as

1

I=Yr—a) f AEP(E) In [¥ry —a) (1/d) (E+ 1)) (€ 20)

If a second-order transformation is then chosen such that

E=hr+n-h, (C21)

expression (C 20) can be written as

I= %(TS—G)J‘ dy (74+1) Pyy(n) In [3(rs—a) (n/d) (3n* +7+1)]. (€C22)
-1

Standard Gaussian integration can now be employed for the evaluation of (C 22)
because the Jacobian cancels the logarithmic singularity at n = —1 (i.e.at r =a in
the original integral). This alterative procedure has not, however, been implemented
in the computer program used to generate the results presented in the paper.
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